ABSTRACT. We use a generalization of a construction by Ziegler to show that for any field F and any countable collection of countable subsets A i ⊆ F, i ∈ I ⊂ Z >0 there exist infinitely many fields K of arbitrary positive transcendence degree over F and of infinite algebraic degree such that each A i is first-order definable over K . We also use the construction to show that many infinitely axiomatizable theories of fields which are not compatible with the theory of algebraically closed fields are finitely hereditarily undecidable.
INTRODUCTION
In this paper we investigate an interesting definability phenomenon occurring in some extensions of positive transcendence and infinite algebraic degree and derive a number of model theoretic consequences. While we know a great deal (though far from everything) about firstorder definability over number fields and function fields, especially function fields over a finite field of constants, and over fields which are "close" to being algebraically closed, we know substantively less about infinite algebraic extensions of rational fields which are "far" from algebraic closure. (See for example [2] , [3] , [4] , [6] , [7] , [8] , [9] , [10] . [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] for a description of first-order and existential definability results over number fields and function fields. This list is very far from being exhaustive and is just supposed to give the reader a sample of the results on the matter.)
The questions of definability are usually considered from the following point of view: given a field or a ring, describe the definable sets. In this paper we consider a different approach: given a subset of a field (or a countable collection of subsets), describe field extensions where this subset (or each set in the collection) is definable. Our construction is a generalization of a construction by Martin Ziegler (see [22] ) which he used to show, among other things, that Z is definable in a class of fields. One of the main results of this paper can be stated as the following theorem.
Theorem 1. Let F be any field. Then for any countable collection of countable subsets
A i ⊆ F, i ∈ I ⊂ Z >0
there exist infinitely many fields K of arbitrary non-zero transcendence degree over F and of infinite algebraic degree such that each A i is first-order definable over K .
While Ziegler's paper had interesting definability results, its primary focus was proving the undecidability of finitely axiomatizable subtheories of various theories. The main idea which enabled Ziegler to prove the undecidability results can be summarized in the following argument. If M is one of the fields: L p (algebraic closure of a F p (t ), where F p is a finite field of p elements, and t is transcendental over F p ), C, R, or Q p , then for every rational prime q, not equal to the characteristic of the field, there exists a field K q ⊂ M with the following properties: (2) Each field K q is strongly undecidable, i.e. any theory for which K q is a model is undecidable.
Let Ω be a non-principal ultra-filter on the set of rational primes, let
and letM
If T is a finitely axiomatizable theory for which M is a model, thenM and K are also models of T, and therefore by Łos's Theorem for at least one q we have that K q is a model of T, implying that T is undecidable. In his paper Ziegler considered among others finitely axiomatizable fragments of the following theories:
• T A p,q -the theory of a field of characteristic p ≥ 0, where every irreducible polynomial is either of degree 1 or of degree divisible by q. (If p = 0, this theory is compatible with the theory of C, and if p > 0, then this theory is compatible with the theory of L p .)
• T R 2 -the theory of a formally real field where all irreducible polynomials have degree 1 or 2.
• T R q , q = 2 -the theory of a formally real field where the degree of any irreducible polynomial is either 1 or is divisible by q, and the field is dense in its real algebraic closure.
• T H q , q = 2 -the theory of a formally p-adic field where the degree of any irreducible polynomial that has a zero in the p-adic closure is either 1 or is divisible by q, and the field is dense in its p-adic algebraic closure. Remark 1.1. In general, for any M, given the construction above, if T is a collection of statements that some polynomials have a root in a field while others are irreducible and if M is a model of T, then, as before,M is a model of T by Łos's Theorem, K is algebraically closed inM by construction, and because K is algebraically closed inM , all the statements of T will be true in K .
It follows form the discussion above that every finite subtheory of the theories listed above is undecidable and therefore all these theories are finitely hereditarily undecidable. We should also note here that in the case of positive characteristic the undecidability of each K q is obtained by interpreting the theory of graphs in these fields, and in the case of zero characteristic, Z is defined over each K q .
Using a generalized version of Ziegler's construction we show the following. 
for any i ∈ Z >0 we have that P i (T ) is irreducible over U and P i does not factor in any extension (1) ∀q ∈ Q : (∀x∃y : y
then any finite subtheory of T U ,R,P,Z is undecidable. Remark 1.2. In Part 2, the polynomials are listed explicitly. In Part 3, the polynomials can be listed explicitly or we may have statements asserting that all polynomials of a certain form (e.g. degree) have a root.
To prove the theorem above we follow Ziegler's construction except that in the case of positive characteristic we define a polynomial ring inside our fields K q . In order to do this we need a proposition below.
Proposition 3.
There exists G |= T U ,R,P,Z of any transcendence degree over U .
Proof. Let G 0 = U . We show how to construct a field G 1 of transcendence degree one over G 0 satisfying the same conditions. Let H 0 = G 0 (t ), and let H be the smallest field in the algebraic closure of H 0 containing q R q (x) for every q ∈ Q and every x ∈ G. In this case every finite extension of G contained in H is of degree m i =1 q i , with each q i ∈ Q and can be decomposed into a sequence of extensions each of degree q i ∈ Q . By assumption on P, all the polynomials in P will remain irreducible under this extension.
TECHNICAL PRELIMINARIES
In this section we discuss several properties of function fields to be used in our construction.
We first explain what we mean by a function field. Definition 2.1 (Function Fields). For a field C and an element t transcendental over C , we say that a field G is a one-variable function field over a field of constants C if G/C (t ) is a finite extension and C is algebraically closed in G.
Below we also use primes of function fields to prove that the fields we are constructing have the required attributes. For a general introduction to primes of function fields and their properties, the reader is referred to [1] . We define primes of a function field below. ] is the prime ideal generated by 1 t . The primes of O ∞ will be called infinite primes. 3 We now define order at a prime.
Definition 2.3 (Order at a prime). Let
, where x, y ∈ O G , then define ord p w = ord p x − ord p y. Define ord p 0 = ∞. The order at infinite primes is defined in an analogous manner.
Remark 2.4. Given our definition of order, it is easy to see that for all a, b ∈ G and all G-primes p it is the case that ord p (a + b) ≥ min(ord p a, ord p b), and if ord p a < ord p b then ord p (a + b) = ord p a Remark 2.5. Observe that for any non-zero constant element a of G and any prime p of G it is the case that ord p a = 0. At the same time if z ∈ G \ C , then for at least one prime p of G we have that ord p z > 0 (p is called a zero of z), and for at least one prime q of G we have that ord q z < 0 (q is called a pole of z). See [1] , Chapter I, Section 3, Corollary 3 for more details.
We need to define one more object to facilitate the discussion below: Definition 2.6 (Divisors ). Let C , t ,G be as above. Let P(G) be the set of all the primes of G. Any finite product
is called the divisor of x. (It can be shown that for any x ∈ G the divisor of x has only finitely many terms with non-zero exponents.) The set of all divisors form an abelian group under multiplication.
Next we need to define ramification, degree and relative degree. 
The power e(p H,i /p G ) = e i is called the ramification degree of p H,i over p G or over G. We also say that p H,i lies above p G in H and p G lies below p H,i in G. Ramification degree for infinite primes is defined analogously.
Definition 2.9 (Degree and Relative Degree). In the above notation
is called the relative degree of p H over p G or over G. The degree and the relative degree for infinite primes is defined analogously.
Our first lemma deals with the issue of ramification for a function field extension. Below is another property of ramification we need for our construction which can be deduced from the definition of ramification as a power in factorization. 
The next lemma is also a well known property of function field extensions. 
(See [1] , Chapter IV, Section 1, Theorem 1.)
From this lemma we derive two corollaries to be used in our construction in Section 3. 
Thus our conclusion follows from Corollary 2.13.
Next we need an elementary lemma and two corollaries to establish a property of a class of field extensions. 
Suppose now that ord
Our next task is prove a series of technical propositions concerning evaluating the order at a prime.
Lemma 2.18. Let G be a function field over a field of constants C . Let R(T ) ∈ C (T ). Let s ∈ G \ C and let p be a prime of G. Let R(T ) =

A(T ) B(T )
, where A(T ) 
3) If p is a pole of s, then ord p R(s) = ord p s(deg A(T ) − deg B(T )).
Proof 
In the former case we observe that the inequality in (2.2) can be true for at most one c ∈ R. Indeed, if we assume that for some c 1 = c 2 ∈ R we have that ord p (s − c 1 ) > 0 and ord p (s − c 2 ) > 0, then we will conclude that ord p (c 1 − c 2 ) > 0 which is impossible by Remark 2.5. Thus, if (2.2) holds, we have that
Now if (2.3) holds, then, clearly,
Conversely, if ord p R(s) = 0, then (2.3) must also hold in view of the argument above. Thus the assertion of the lemma is true in this case also. Finally, if ord p s < 0, then
(deg A(T )−deg B(T )).
In the notation above, the following lemma gives necessary and sufficient condition for the order of R(T ) at some G-prime p to be divisible by q.
Lemma 2.19. Let G, R(T ) = A(T ) B(t ) , R be as in Lemma 2.18, let q be a prime number, let w ∈ G \ C , u ∈ C . If deg A(T ) − deg B(T ) ≡ 0 mod q and p is a prime of G, then
(1) ord p R(w − u) ≡ 0 mod q if and only if either
(2) ord p R(w − u) ≡ 0 mod q if and only if (2.7)
Proof.
(1) Set s = w − u. At the same time, if (2.7) holds, then for the specified c ∈ R we have that ord p (s − c) > 0 and by Lemma 2.18, 
Given our assumption that deg A(T ) − deg B(T )
≡ord p R(s) = n(c)ord p (s − c) ≡ 0 mod q.
Lemma 2.20. Let G,C , R(T ), A(T ), B(T ), q be as in Lemma 2.19. Assume also that deg
A > deg B.
Let a ∈ G \ C . If T is a finite set of primes of G containing a pole t of a, then there exists b
Proof. By the Weak Approximation Theorem we can find b ∈ G \C such that ord t b = −1, and for all other q ∈ T we have that At the same time observe that
Therefore,
Further, for any q ∈ T \ {t}, by Lemma 2.18 again, we have that ord q R(b) < qord q R(a) and
At the same time, for all p ∈ T we have that
and thus Similarly for any prime p of G which is a zero of w we have that
DEFINABILITY CONSTRUCTION
In this section we carry out the construction of our field. We construct a field whose transcendence degree is one over the given field but the construction is easily extended to any positive transcendence degre. Without loss of generality we assume that we have countably many sets to define.
Notation and Assumptions 3.1. Below we will use the following notation and assumptions.
• Let F be a countable field. Let {A u , u ∈ Z >0 } be a sequence of countable subsets of F .
• Let M be a countable field of transcendence degree at least one over F . Let t ∈ M be transcendental over F .
• For each u ∈ Z >0 , let R u (S) ∈ F (S). Assume further that all the zeros and poles of R u (S) are in F and at least one zero is of order not divisible by q u . This implies of course that at least one pole is of order not divisible by q u . Without loss of generality we can assume
where C u (S), B u (S) ∈ F [S] and are relatively prime in F [S] . Assume also
with c u,i , b u,i ∈ F and are all distinct, while all n u,i , j u,i are positive integers. Assume additionally n u,1 ≡ 0 mod q u and
• Let {q u , u ∈ Z >0 } be a sequence of distinct prime numbers not equal to the characteristic of M. Assume also that M contains q u -th roots of all its elements of the form R u (x) for any x ∈ M, for all u ∈ Z >0 .
• Let a u = c u, 1 . In other words, a u is a zero of R u (T ) with a multiplicity not divisible by q u .
• For all u ∈ Z >0 for any finite set B, the complement of the set
• Let x ∈ M. Then by q u x, u ∈ Z >0 we will mean an element y ∈ M such that y q u = x.
• For any field H such that F ⊂ H and any u ∈ Z >0 , let
Observe that if Condition (3.1) does not hold, then A u can be trivially defined over F , and since we construct a definition of F , we will cover these cases also.
The main result of this and the following section is the theorem below.
Theorem 3.3. There exists a field K ⊂ M of infinite algebraic degree over F (t ) such that each
The proof is contained in the construction below.
Construction 3.4.
We construct K to be an algebraic extension of F (t ) such that the following conditions are satisfied.
(1) F is definable over K by a first-order formula, in particular
(2) For each u ∈ Z >0 we have that A u is definable by the first order formula over K and in particular (3.3)
is a finite algebraic extension. We will also construct finite sets S i ,u , u ∈ Z >0 contained in E i ∩ (M \ (A K ,u ∪ F )). We set = S 0,u ⊂ S 1,u . . . and make sure that
In other words, all non-constant K -elements outside A K ,u are contained in the union of S i ,u 's.
To satisfy the conditions above, we will require the following to be true at each step of our construction:
For every i , u and every s ∈ S i ,u , there exists a prime p s,i ,u of E i
We proceed by induction. Let {x i } be a sequence of elements of M algebraic over F (t ) such that every element appears infinitely often. Note that for E 0 = F (t ), S 0,u = , u ∈ Z >0 , Conditions (3.4) and (3.5) are vacuously satisfied.
Assume now (E i , S i ,u , u ∈ Z >0 ) have been constructed already and consider four cases below.
We show that Condition (3.4) holds for (E i +1 , S i +1,u , u ∈ Z >0 ). Since S i +1,u = S i ,u , by induction it is enough to show that every prime of E i will have at least one factor in E i +1 with a ramification degree not divisible by any q u . This follows from Lemma 2.14. Thus for every u and every s ∈ S i +1,u we can set p i +1,u,s to be a factor of p i ,u,s with a ramification degree not divisible by q u .
Further, since S i ,u = S i +1,u , Condition (3.5) carries over automatically by Remark 2.8.
(b) If x n ∈ E i , then follow the steps below.
(1) For each u = 1, . . . , n do the following: if for some s ∈ S i ,u we have that ord
if for all s ∈ S i ,u we have that ord p i ,u,s R(x n ) ≡ 0 mod q u , and R u (x n ) ∈ A E i ,u (or in other words R u (x n ) is not a q u -th power in E i ), then set
if R u (x n ) ∈ A E i ,u (or in other words R u (x n ) is a q u -th power in E i ), then set
(by the product of fields we mean the compositum of fields, i.e. the smallest subfield of M containing all the fields in the product).
(4) For all u ∈ Z >0 and all s ∈ S i +1,u set p i +1,u,s equal to any factor of p i ,u,s in E i +1 with ramification degree not divisible by q u .
We claim that all the parts of this step can be executed and Conditions (3.5) and (3.4) hold after this step. First of all note that [E i +1 : E i ] = E i +1,u =E i q u by Corollary 2.16, and therefore for all u such that E i +1,u = E i , and for all s ∈ S i ,u , every p i ,u,s has a factor in E i +1 with ramification degree not divisible by q u by Corollary 2.13. Now let u ∈ {1, . . . , n} be such that E i +1,u = E i ( q u R u (x n )) and note that we can separate the extension E i +1 /E i into a tower of two extensions:
Observe that by Corollary 2.16 again, the degree of the first extension is equal to
and every prime corresponding to elements of S i ,u will have a factor in X u of ramification degree not divisible by q u . Finally, by Lemma 2.10, no factor of p i ,s,u in X u will be ramified in E i +1 . Thus, by Lemma 2.11, we know that p i ,s,u will have a factor in E i +1 with ramification degree not divisible by q u . Therefore Condition (3.4) will still be satisfied after this step. Since for every u ∈ Z >0 and every s ∈ S i +1,u , the prime p i +1,u,s lies above a prime p i ,u,s ∈ S i ,u , we have that Condition (3.5) is satisfied after this step by induction hypothesis and Lemma 2.14.
(1) x n ∈ E i or x n ∈ F . In this case ( 
If Condition (3.5) is not satisfied, then for some r 1 , r 2 ∈ F with r 1 +r 2 ∈ A u and r 1 r 2 = 0 we have that for some q ∈ A , it is the case that ord q (R u (t q u −r 1 + a u )) ≡ 0 mod q u and for some t ∈ A , it is the case that ord t (R(t q u − r 2 + a u )) ≡ 0 mod q u . Since Condition (3.5) was previously satisfied for {p s,i ,u , s ∈ S i }, we conclude that for some r = 0 we have that ord p R(t q u − r + a u ) ≡ 0 mod q u and for all p s,i ,u , s ∈ S i ,u ,
We note that there can be only finitely many r ∈ F with such a property. Indeed, p cannot be a pole of t as otherwise ord p (R(t q u −r +a u )) ≡ 0 mod q u by Lemma 2.19. For every u ∈ Z >n set S i +1,u = S i ,u . For any s ∈ S i ,u let p i +1,u,s be any factor p i ,u,s in E i +1 with ramification degree of E i not divisible by q u . (As before such a factor exists by Corollary 2.14.) Given this choice we now have for all u > n and all s ∈ S i ,u = S i +1,u that ord p i +1,u,s s ≡ 0 mod q u by Remark 2. 8 We claim that Conditions (3.5) and (3.4) are satisfied after this step. If x n ∈ E i or x n ∈ F , there is nothing to prove. So assume that we are in the case of x n ∈ E i \ F . From the discussion above it is clear that Condition (3.4) is satisfied. Next we note that E i ,u was constructed explicitly so that Condition (3.5) held in E i ,u for all primes in A . Note that each p i +1,u,s , s ∈ S i +1,u is a factor of a prime in A . Thus, by Remark 2.8, Condition (3.5) is still satisfied in E i +1 for u ≤ n.
